To describe the transverse distribution of charged hadrons at 1.96 TeV observed by the CDF collaboration, we propose a formula with two component, namely, hadron gas distributions and inverse power laws. The data collected at 0.9, 2.76, 7, and 13 TeV by the ALICE, CMS, and ATLAS collaborations are also analyzed using various models including single component models as well as two component models. The results by using modified version of Hagedorn's formula are compared with those by using the two component model proposed by Bylinkin, Rostovtsev and Ryskin (BRR). Moreover, we show that there is an interesting interrelation among our the modified version of Hagedorn's formula, a formula proposed by ATLAS collaboration, and the BRR formula.
Introduction
First of all, we would like to mention what implications are drawn from the analyses of the transverse momentum spectrum at √ s = 1.96 TeV by the CDF collaboration. Authors of the CDF collaboration have reported interesting data on the transverse momentum distributions (p +p → charged hadrons +X) at √ s = 1.96 TeV [1] . To explain those data, they adopted an inverse power law, given by QCD calculus as follows [2, 3] :
where A, p t0 , and n x are free parameters that are estimated using experimental data (for further information, see useful reviews in Refs. [4, 5, 6, 7] ). The unit of the coefficient A is [mb/GeV 2 ]. As can be seen by the results in Table 1 , Eq. (1) cannot explain the data. Thus, for charged particle production, a second term was introduced by the CDF collaboration as follows:
where B and n s are free parameters. Our reanalyses of the data are shown in Table 1 and Fig. 1(a) . The unit of the second coefficient B is [mb·GeV (ns−2) ]. Indeed, better values for χ 2 than those provided by Eq. (1) are possible. Here we present our reanalyses using the statistical and systematic errors presented at Durham HepData [8] .
Herein, it is worthwhile to investigate the role of the single component model, i.e., the non-extensive approach [9, 10, 11, 12] . The formula for this is as follows:
2 σ 2πp t dp t = Ae −βxπ q = A (1 + β(q − 1)x π ) 1/(q−1) ,
where x π = m 2 π + p 2 t and β = 1/k B T . A, T , and (q − 1) are free parameters, and (q − 1) is named as the Tsallis parameter. n = 1/(q − 1) is sometimes used. 
Indeed the second row term reproduces the inverse power law. The results of our analyses of the data using Eq. (3) are presented in Table 1 and Fig. 1(b) . The values of χ 2 in Table 1 demonstrate that the role of Eq. (3) is similar to that of Eq. (1).
Moreover, the ATLAS collaboration proposed the following formula [13] :
where η c is the centrality of pseudorapidity |η| < η c , n = 1/(q − 1) is the parameter introduced in Eq. (3). The second function f (n, T, p t , m π ) in Eq. (4) is the normalized Tsallis distribution whose role is the same as Eq. (3). Our results (obtained using Eq. (4)) are also given in Table 1 . The unit of the coefficient A is [mb] , because that of the denominator is [GeV −2 ]. The p t distribution at 1.96 TeV obtained by the CDF collaboration suggests that a two component model is necessary to explain the distribution. These results further suggest that the second term provides a reasonable way of explaining the transverse momentum spectrum. Moreover, they demonstrate that we must investigate whether the second term of Eq. (2) provides a unique solution.
In section 2, we investigate several formulas based on the two component models. In section 3, we present the analyses of other p t spectra obtained by the ALICE, CMS, and ATLAS collaborations [14, 15, 16, 13] . In section 4, concluding remarks and discussion are presented. 2 Analysis of the data by CDF Collaboration using two component models 2-I) In 1983, Hagedorn proposed the following formula, which includes the Planck distribution of a hadron gas (p t ≤ 1 − 2 GeV) [17, 18] and an inverse power law distribution inspired by QCD calculus [2, 3] . The second term in the equation is characterized by a step function defined by θ = 1 (p t > p t1 = 1.0 − 2.0 GeV), and θ = 0 (p t < p t1 ).
where K 1 is the modified Bessel function of the second type with β = 1/T . The unit of the first coefficient
The former is obtained by integrating the rapidity y with the limits −∞ < y < ∞. For concrete analyses, it is very difficult to adopt a sharp step function. Hereafter, the step function θ is assumed to be of the form of a Fermi-Dirac (FD) distribution with inverse temperature β FD [19] :
Our analyses results of the data using Eq. (5) with Eq. (6) are presented in Table 2 and Fig As seen in Table 2 , the coefficient
GeV, which is a typical value for the energy). In other words, the contribution of the second term, which is based on QCD calculus, is large even in the region in which p t < 1 − 2 GeV. This behavior appears to be contradictory to the assumption made by Hagedorn (Fig. 2 ).
2-II)
Compared Eq. (5) with Eq. (3), we assume the Bose-Einstein distribution for Edσ/d 3 p = dσ/2πp t dp t dy. Moreover, taking into account the empirical condition |η| ≤ 1 discovered by the CDF collaboration, we propose here the following formula based on [20] , which includes the power law of the dipole-like expression proposed by the CFS collaboration in [21] (see [4] ) and the QCD-inspired term already proposed in a different point of view in [22] : where
and where J is a Jacobian. The unit of A
. In this description, there are various combinations between the two sets {p t1 (i) : i = 1, 2, · · · } and {β FD (i) : i = 1, 2, · · · } in Eq. (7) for the MINUIT program. To take into account the requirement for the step function according to Hagedorn's equation (θ(x) = 0(x > 0) and = 0(x < 0)), we have to introduce the following realistic constraints:
The contributions of the two components can be reasonably calculated using Eq. (10), which is desirable because the change in a rigorous step function is very steep for it to be adoptable.
Our analyses results of the data using Eq. (7) and the θ function of Eq. (6) are presented in Table 3 and Fig. 3 . As seen in Fig. 3 , the second term is smaller than the first term in the region in which p t < 1 GeV. The crossing occurs at approximately 0.9 GeV. This behavior satisfies Hagedorn's assumption, and the θ function works appropriately.
2-III)
Recently, Bylinkin, Rostovtsev, and Ryskin [23, 24, 25] proposed the following interesting formula that includes the Maxwell-Boltzmann distribution that describes pion gas (p t < 1 − 2 GeV) and the kappa [26, 27] .
where E tkin = m 2 π + p 2 t − m π . A e , T e , A, T BRR , and n are free parameters. The subscript "BRR" refers to the author's names "Bylinkin, Rostovtsev, and Ryskin." It can be noted that the subtracted mass term in E tkin corresponds to the role of the chemical potential µ in Eq. (7), provided that "βx π cosh y(η) − µ" is assumed in Eq. (7). Our analyses results of the data using Eq. (11) are presented in Table 3 and Fig. 3 .
As seen in Fig. 3 (c) and (d), the crossing occurs at approximately 0.7 GeV without the step function θ. The hadron (pion) gas mainly contributes in the region in which p t < 1 − 2 GeV, in contrast to case 2-I). The second term reproduces the entire distribution above p t > 2 − 3 GeV.
Conversely, an interesting relation between the results obtained using Eqs. (7) and (11) can be observed. That is expressed as follows:
This relation means that the roles of the second terms in Eqs. (7) and (11) are almost the same.
3 Analyses of the data at √ s = 2.76, 7 , and 13 TeV by the ALICE, CMS, and ATLAS collaborations in terms of Eqs. (3), (4), (7), and (11) In this study, we have analyzed the data at √ s = 2.76, 7 , and 13 TeV obtained by the ALICE, CMS, and ATLAS collaborations [14, 15, 16, 13] ; these data are available in the region in which p t ≤ 1.0 GeV. It is necessary to investigate whether our formula would be useful in the analyses of data at different energies. Our analyses results using Eqs. (3), (4), and (7) are presented in Table 4 and Fig. 4 . For comparisons, the results using Eq. (11) are also presented in Table 4 . Therein, values of χ 2 's by the single component models are larger than those by two component models. This is not clear at present whether or not we need an additional term in Eqs. (3) and (4) .
As seen in Fig. 4(b) , our analysis of data at √ s = 13 TeV by ALICE collaboration shows that the crossing occurs at 0.9 GeV. Therefore, the second term, which is based on QCD calculus, decreases in the region in which p t < 1.0 GeV.
As we are interested in analyses of p t distributions at 0.9 TeV, our results are shown in Table 5 . As is seen in Tables 4 and 5 , estimated values by Eq. (7) (the modified Hagedorn formula) and Eq.(11) (the BRR formula) are almost the same except for the temperatures: Those values of temperatures by Eq.(11) (BRR formula) are higher than those by Eq. (7). The reason is probably attributed to the subtracted pion mass term in Eq. (11).
Concluding remarks and discussion

C1)
In 1983, Hagedorn proposed the formula shown as Eq. (5). The inverse power law should be changed according to concluding remark 2 (see C2) below). Moreover, the cross section measured by the rapidity (y) is assumed. However, because the pseudorapidity (η) is used in the measurement, the integral form is necessary, which is presented in Eq. (7) . In other words, Eq. (7) can describe η c dependence in data on dσ/2πp t dp t dy. Moreover, we have assumed the Bose-Einstein distributions for describing the hadron gas. See Refs. [17] and [28] . Figure 4 : (a) Analysis of p t distribution at √ s = 13 TeV using Eq. (7). F 1 and F 2 represent the results of the first and second terms of Eq. (7) (7) almost the same results as the first above rows. CMS (7) ATLAS (7) ALICE (13) 76.6/44 52.0±2.1 0.14 0.15±0.00
Eq. Table 5 : Estimated values for the analysis of p t distribution at √ s = 0.9 TeV using Eqs. (7) and (11) with η c = 0.8 (ALICE), 2.4 (CMS), and 2.5 (ATLAS). The unit of the crossing is [GeV] .
Eq. 
C2)
To describe the data on the p t spectrum, including the smaller p t ≤ 1.0 − 2.0 GeV region, the inverse power law with variable p 2 t is better than that with a single p t (see the second term of Eq. (7) and that of Eq. (11)). This is observed in our analyses of the p t spectrum at √ s = 1.96 TeV reported by the CDF collaboration.
C3) The role of the kappa distribution in Eq. (11) is the same as that of the second term of Eq. (7), i.e., θ function times the inverse power law distribution. See Eq. (12) . Moreover, it can be emphasized that there is an interesting interrelation among Eqs. (7), (4), and (11) as follows:
Eq. (7)
Using the η integration in Eq. (7) [29] , and θ(x) = 0, I(η c ) × f (n, T, p t , m π ) in Eq. (4) Table 4 (see Fig. 5 ), we would like to point out that the range of p t is very wide (0.4 < p t < 201.2 GeV). Second, we highlight that the estimated temperatures T = 0.21 GeV in Eq. (7) and T e = 0.20 GeV in Eq. (11) are almost the same. The latter is distinguished among results by Eq. (11) . This phenomenon can probably be attributed to the lack of data between 0.2 < p t < 0.5. Moreover, at present, the number of data points is 27.
Thus, in a near future we will only be able to investigate whether Eq. (7) works well when the number of data points increases so that it is close to the number of data points obtained by the CDF collaboration (230). N/dp 3 [GeV Figure 5 : Analysis of p t distribution at √ s = 7 TeV by CMS collaboration using Eq. (7). F 1 and F 2 represent the results of the first and second terms of Eq. (7), respectively. (F 1 + F 2 ) is the sum of these terms.
